In this paper we study the dynamics of a 5D bulk space-time with our universe as a test 3-brane located in the bulk, an idealized model of a topological object whose physical properties is negligible in comparison with that of the bulk. Our universe experiences acceleration and its equation of state parameter crosses the phantom divide line due to the geometry of the bulk space-time.
INTRODUCTION
Cosmological observations, such as Super-Nova Ia (SNIa), Wilkinson Microwave Anisotropy Probe (WMAP), Sloan Digital Sky Survey (SDSS), Chandra X-ray Observatory etc. reveal some cross-checked information of our universe that support an acceleration of the universe expansion [1] - [8] . Dark energy (DE) component is a candidate to drive the acceleration in addition to represent a dynamical EoS model for the universe [9] - [22] .
Alternatively, the higher dimensional theories may explain cosmic acceleration and phantom crossing [23] [24] . The existence of extra dimensions is required in various theories beyond the standard model of particle physics, especially in theories unifying gravity with the other fundamental forces, such as superstring and M theories [25] - [28] . In brane cosmological models our 4D universe would be a surface or a 3-brane embedded into a higher dimensional bulk space-time on which gravity could propagate and energy exchanges between the brane and the bulk [29] - [31] . In these models, an infrared modification of general relativity on large scales, by weakening the gravitational interaction on those scales, may allow the recent acceleration expansion of the universe. This idea is motivated by the fact that our observations of gravity is from sub-millimiter scales up to solar system scales while the Hubble radius is many orders of magnitude larger [32] - [33] . Among these, the RS braneworld models inspired by D-brane geometry in string theory and ,in particular, the RS II model is very popular since it has a new modification of the gravitational potential in the very early stages of the universe evolution [34] - [39] . The brane approach provides a new way of understanding the hierarchy between the 4D Planck scale and the electro-weak scale that leads to constructing models that exhibit crossing of the phantom divide line [40] - [45] . One common feature in all these models is that by imposing the Israel junction condition which relates the jumps of the derivative of the metric across the brane to the stress-energy tensor inside the brane, the effective field equations in the brane are obtained [46] . However, in this work, we assume that the branes are "test 3-branes" in the bulk similar to the idea of "test particles" in a gravitation field in 4D spacetime. The "test 3-branes" contain no matter of any kind with no tension and so the energy momentum tensor in the branes vanishes. Thus, there is no discontinuities of the metric coefficients ( or more precisely of their derivatives in the fifth direction normal to the brane). The price we pay for this simplification is that in general we do not have field equations for the branes. Instead, we have enough information to predict the bevaiour of the test 3-brane affected by the dynamics of the bulk.
THE MODEL
We consider two 3-branes, described by 4D hyper-surfaces, embedded in a 5D bulk spacetime, with the action given by
where κ 5 is the 5D gravitational constant, (5) R is the 5D Ricci scalar and K i , i = 1, 2 are the extrinsic curvatures of the branes in the higher dimensional bulk. In the above we assumed 1) a pure bulk with no cosmological constant and matter and 2) two "test 3-branes" (one of them is our universe) defined by y = y 1 and y = y 2 with no tension and matter. In the DGP model, the brane tension and the bulk cosmological constant are both set to zero, and the current acceleration of the universe expansion is explained as an effect of extra dimension.
In here, we do not intend to derive the effective 4D Einstein equations by projecting the 5D metric onto the brane. Instead, we would like to obtain the field equations in a general form in 5D bulk.
The most general 5D metric for homogeneous and isotropic universes with respect to the spatial coordinates x µ is given by [47] - [50] 
where γ µν is a maximally symmetric 3D metric. We consider a flat FRW metric for the 3D metric and without lose of generality, we adopt Gaussian normal coordinates, where (c = 0).
The field equations in 5D are
where dot and prime respectively represent derivatives with respect to time t and extra dimension y. In the above we consider the two parallel branes at the endpoints of the ycoordinate. Let us now consider the Einstein equations (3)-(6) by considering the proper transverse distance between the branes is time independent, a static fifth dimension, or, b = 0 and for simplicity take b = 1. The motivation for considering a static fifth dimension is discussed by the authors in [51] - [54] . In particular it has been argued that a static fifth dimension does not allow the inclusion of brane matter and is a requirement of RandallSundrum-type solutions [55] - [57] . The equations (3)- (5) then become
2 a
In terms of the Hubble parameter by defining H t ≡˙a a and H y ≡ a ′ a
, the above equations can be written as
Comparing the above equations with the standard Friedmann equations we obtain the generalized energy density and pressure, ρ g and p g as
Using equations (13) and (14), the conservation equation can be written in the standard form asρ
where the generalized EoS parameter, ω g , in the bulk for the model is given by
ρ g (1 + ω g ) → 0, 3) ω g has different signs before and after crossing and −1 at the time of crossing, and 4)
By using equations (10)- (14) we have
where for an expanding universe we take the positive sign of H t . One can easily find that from (17)- (19) to satisfy the above the above conditions, we have 1) n = 0 and
+ 2H tṅ n 3 and 3)Ḧ t = 0. Note that in a normal treatment of gauge models in physics, we usually fix the gauge in order to obtain physical results and simplify the computations. In the above, one may ask whether we have not fixed the generalized lapse function n(t, y) in the model, then, how it would be possible to observe physical quantities?.
The answer simply lies in the fact that the dynamical EoS and deceleration parameters are not quantities that can be measured by the observers inside the brane. They belongs to bulk and are only observable by observers in the bulk. If our observations show that the universe is currently accelerating or at sometimes in future the EoS parameter crosses the phantom line, then, the model can be used to predict the position of the 3-brane in the bulk that acceleration or crossing occurs or based on the observer in the bulk at what time it might happen.
NUMERICAL CALCULATION AND DISCUSSION
From equation (16) , the EoS parameter varies with respect to t and y and for the fixed "test 3-branes" at the boundaries, the crossing and acceleration occurs at some times measured by the observer's clock in the bulk. Fig. 1 shows the 3D plot of the EoS and deceleration parameters. It shows positions in the bulk that we expect acceleration and crossing occur due to the geometry of the bulk. It also shows the at a fixed point in the bulk crossing and acceleration occurs at different times. For a better observation we take the projection of these variables onto the y = y 0 and t = t 0 planes.
FIG. 1:
The evolution of ω g (left panel) and q (right panel) with respect to t and y. ICs: a(t, 0) = t 3/5 ,ȧ(t, 0) = t 1/5 , n(t, 0) = 1.
In Fig. 2 , the 2D plots of the EoS and deceleration parameters in y-plane are given separately for t = t 0 . As shown, for t = 0.5 and t = 1.5 planes, the crossing occurs along extra dimension. Also from the graph, the deceleration parameter has similar behavior as expected. It shows that for the 3-brane located at y = −3, the EoS parameter is tangent to −1 from above at t = 0.5. The EoS parameter is singular at a point between y = 0 and y = 1. In addition, in the t = 1.5 plane, for the 3-brane located at y = −3, ω g < −1 and we expect crossing at −2.5 < y < −2. The graph also shows that singularity occurs for both EoS and deceleratiopn parameters around y = 1. From the deceleration parameter figures we see that for the 3-brane at y = −3, th eparameter is negative( acceleration universe), while there are points in the bulk that it is positive.
FIG. 2:
The projection of the the EoS parameter, ω g and q, into t = t 0 planes. The projection of the EoS and deceleration parameters into the plane y = y 0 is shown Fig. 3 . For y = −3, y = 0 and y = 3 planes, variation of EoS and deceleration parameters with time shows ω-crossing and acceleration of the 3-brane. It shows that for the 3-brane located at y = −3, the EoS parameter is tangent to −1 from below at t = 0 and from above at t = 0.5, while crosses the line at some other times. Projection to y = 0, shows phantom crossing at t = 0.1 while approaches minus infinity at t = 0. For the 3-brane located at y = 3, also, the crossing occurs at about t = 0.36, and the parameter is tangent to the line −1 at t = 0. It is interesting to observe that the EoS parameter approaches negative infinities at some moments and at different positions in the bulk, since this is a necessary condition of realizing nonsingular bounce [58] . To summarize we assumed that our universe is like a "test 3-brane " inside the bulk that experience the bulk dynamical effects. This is if one neglect the 3-branes curvature, matter and tension in comparison to the bulk geometry. We drive the field equations and also the generalized EoS and deceleration parameters in the bulk. it shows that, at different points in the bulk along extra dimension and also at a fixed point but different times, phantom crossing and acceleration occur. In this model the "test 3-branes" are fixed in the bulk, however, one may consider the "test 3 branes" move along the bulk then again at different points in the bulk the phantom crossing and acceleration may occur.
